Abstract: Quasi-static strain influence lines (ILs) based on the Brillouin optical time domain analysis (BOTDA) technique have been proposed to effectively locate damage in beam bridges. Using measurement points with a high spatial resolution, the BOTDA technique supplies enough strain ILs to help detect damage in bridges. Unlike quasi-static strain ILs based on the BOTDA technique, quasi-static displacement ILs are relatively easy to implement in actual bridges; furthermore, only a few quasi-static displacement ILs are necessary for actual bridges. On this basis, an improved method is proposed to determine the existence of damage in beam bridges by using only a few quasi-static displacement ILs. First, the Hankel matrix of the damage feature, established based on the number of strain ILs, is reconstructed to generate the damage feature using only a few quasi-static displacement ILs. Second, the method used to obtain the metric for evaluating the damage feature is improved, thereby greatly increasing the efficiency of damage detection using quasi-static ILs. Finally, the effectiveness of the proposed method is demonstrated through both numerical analysis and experimentally measured data obtained during a quasi-static load test of a model bridge.
Introduction
In contrast to dynamic methods [1] [2] [3] , static methods [4, 5] exhibit obvious advantages in the detection of damage in civil structures: (1) static methods easily ensure a high accuracy of the measured static deformation of structures; (2) they effectively avoid the difficulties associated with identifying damage in structures; and (3) they do not need to consider various effects, such as the mass of the structure. Therefore, static methods have been increasingly employed to detect damage in structures using various static features, for example, the static displacement [6] [7] [8] , static strain [9] and static flexibility of structures [10, 11] . Compared with the static deformation of other civil structures, the static deformation of bridges is relatively easy to measure during the operational period. The static load test is commonly implemented to measure the static deformation of operational bridges to, for example, ascertain the displacement and strain along a cross-section of the superstructure. Similar to dynamic methods, static methods boast increasingly accurate damage detection results with increasingly large numbers of sensors. The static influence line (IL) technique can be used to effectively overcome limitations on the number of sensors because, in theory, only one sensor is needed to obtain the complete IL. Taking advantage of the above property, some researchers have focused on identifying damage in structures using ILs [12] [13] [14] and have identified the location and extent of structural damage using displacement IL curvatures [14, 15] , the stress IL curvatures [16] , the second derivative of displacement IL [17, 18] and so forth. Therefore, the IL technique has been deemed a promising damage index [19, 20] .
However, the theoretical static ILs cannot be obtained for operational bridges because only quasi-static moving loads, that is, loads at low uniform velocities, are implemented under actual loading conditions. With quasi-static loading, the displacement or strain IL of the bridge superstructure is approximated to a static IL and the abovementioned IL is referred to as a quasi-static IL. A two-stage damage detection method utilizing quasi-static displacement ILs was proposed to rapidly locate and quantify damage and this method does not necessitate time-consuming finite element model updating [21] . Furthermore, an intuitive damage index based on quasi-static ILs was presented to locate damage in a bridge and the effects of local damage on different components of the displacement IL were investigated in detail [22] . A damage locating method using stress ILs under a quasi-static moving load was proposed and applied to an actual suspension bridge [16] . In addition, both the quasi-static displacement IL and the strain IL techniques were utilized to locate the damage in a bridge without the baseline finite element model; accordingly, the feasibility, effectiveness and limitations of this approach were investigated both numerically and experimentally [23] .
Similar to other static-based methods, the accuracy and robustness of quasi-static IL-based damage detection techniques depend mainly on the consistency of the loading conditions before and after bridge damage occurs [24] , that is, the quasi-static loading conditions before and after damage should be identical. However, the above loading condition is difficult to implement during actual load testing of a bridge. To address this issue, a method for identifying damage using the strain ILs based on the Brillouin optical time domain analysis (BOTDA) technique is proposed by the authors of this study [25] . Quasi-static strain ILs are applied to generate a damage location index that is independent of the difference between the weight of the loading vehicle before and after damage. Additionally, if the sensing optical fiber is placed along the longitudinal direction of the bridge superstructure under quasi-static loading conditions, quasi-static strain ILs are obtained through the use of measurement points with a high spatial resolution and the long-distance measurement range of the BOTDA technique [26, 27] . Because the stain reflects the local performance of structures, the use of a sufficient number of quasi-static strain ILs can accurately locate damage in bridges.
Unlike quasi-static strain ILs based on the BOTDA technique, quasi-static displacement ILs can be feasibly obtained for the bridge superstructure of actual bridges. Furthermore, only a few quasi-static displacement ILs need to be implemented for the load testing of actual bridges. However, because the displacement reflects the overall performance of a structure, it is not appropriate to attempt to locate bridge damage using only a few measured points. The displacement information helps determine if damage exists. In consideration of the above issues, on the basis of the previous method [25] , an improved method is proposed to detect the damage of beam bridges using only a few quasi-static displacement ILs. While the reconstruction of the Hankel matrix of the damage feature is presented to establish the damage feature using a few quasi-static displacement ILs, the method used to obtain the metric for evaluating the damage feature is improved so that the efficiency of damage detection using quasi-static ILs is greatly increased. The proposed method is independent of the difference in the loading weight before and after damage and this performance is verified using numerical and experimental examples in this study. In addition, combining with structural health monitoring technique [28] , the proposed method is applied to detect the damage of bridge under the load-moving excitation [29, 30] .
The remainder of this paper is organized as follows. The method based on quasi-static displacement ILs is introduced in detail in the next section. The performance of the proposed method is discussed numerically in Section 3. Then, the effectiveness of the proposed method is identified in Section 4 using the measured data of a model bridge. Finally, conclusions are drawn in Section 5.
Damage Detection Using the Quasi-static Displacement Influence Lines of Bridges
In this section, we first discuss the method of generating the quasi-static displacement ILs of actual bridges. Then, we discuss some key issues, such as establishing the damage feature, defining the metric used to evaluate the damage feature and determining the threshold of damage detection.
Generation of the Quasi-static Displacement Influence Lines of Actual Bridges
The principles of quasi-static load testing are described as follows. As shown in Figure 1 , a quasi-static load is represented by a loading vehicle that drives over the bridge along one lane at a constant slow velocity; this procedure requires that the bridge be cordoned off from all traffic. In theory, the excitation frequency band of the loading vehicle should be lower than the first natural frequency of the tested bridge; that is, the bridge in question should be as close to static as possible. To achieve this type of excitation load, the loading vehicle is usually forced to drive over the bridge at a constant slow velocity. Because the natural frequency varies by bridge, the velocity of the loading vehicle may change according to the bridge. Of course, this loading procedure should be repeated several times along the transverse direction of the bridge or along one lane to obtain reliable test data while keeping the vehicle velocity constant for each case. For medium-and small-span bridges, the above procedure can be completed quickly than traditional load experiments on bridges; thus, this technique constitutes an effective way to avoid a long-term interruption of the traffic flow.
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Generally, the loading vehicle should be sufficiently heavy to ensure that the measured displacement induced by the loading vehicle is sensitive to the potential damage of the bridge. However, for actual bridges, especially existing bridges characterized by bad conditions, loading vehicles that are excessively heavy may damage the bridge. Therefore, the weight of the loading vehicle is determined on a case-by-case basis in consideration of the real technical conditions of the bridge. It is recommended that, for an actual bridge [25] , the reference weight of the loading vehicle should first be equal to the weight of one loading vehicle determined by using the design of a Suppose that the bridge is simply supported and composed of several beams in the transverse direction, as shown in Figure 1 . Three sensors are placed on cross-section A, cross-section B and cross-section C on the side beam beneath the bridge (Beam #1) to measure the vertical displacement. Although the loading vehicle has an additional axis along the longitudinal direction of the vehicle, the vehicle can be considered equivalent to a concentrated vertical load by using the translation theorem of forces theoretically. Therefore, under a quasi-static loading situation, the displacement time histories of the three cross-sections along which the abovementioned sensors are placed are similar to three static displacement ILs, that is, the quasi-static displacement ILs defined in this study. For an actual bridge, considering the transverse distribution of the load, there should be more than one displacement IL for each cross-section of the bridge superstructure. For example, cross-section B is composed of several beams, as shown in Figure 1 and thus, all ILs form the influence surface of cross-section B under quasi-static loading.
Generally, the loading vehicle should be sufficiently heavy to ensure that the measured displacement induced by the loading vehicle is sensitive to the potential damage of the bridge. However, for actual bridges, especially existing bridges characterized by bad conditions, loading vehicles that are excessively heavy may damage the bridge. Therefore, the weight of the loading vehicle is determined on a case-by-case basis in consideration of the real technical conditions of the bridge. It is recommended that, for an actual bridge [25] , the reference weight of the loading vehicle should first be equal to the weight of one loading vehicle determined by using the design of a transitional load test; then, this reference weight can be adjusted to the final load by evaluating the real structural conditions of the bridge. Based on the above discussion, a method is proposed and described in detail in the next section to show how to detect bridge damage using quasi-static displacement ILs. In this study, we focus on a method of detecting damage in medium-and small-span beam bridges using measured quasi-static displacement ILs.
Damage Detection Using the Null Space Method Based on Quasi-static Displacement Influence Lines
Unlike quasi-static strain ILs based on the BOTDA technique, only a few quasi-static displacement ILs are usually obtained for actual bridges. Based on the method presented in Reference [25] , an improved method is proposed to determine if bridges are damaged by using a low number of quasi-static displacement ILs. In this section, the main damage detection process based on quasi-static displacement ILs consists of three parts: the determination of the damage feature, the generation of a metric for evaluating the damage feature and the discussion of the quasi-static load conditions before and after damage, each of which is described in detail as follows.
Hankel Matrix of the Damage Feature Established with Quasi-static Displacement ILs
Unlike the Hankel matrix described in Reference [25] , the Hankel matrix of the damage feature is reconstructed; thus, it is suitable for establishing the damage feature using a few quasi-static displacement ILs.
We obtain the displacement IL of one quasi-static load test; then, the corresponding matrix Y is defined by the following equation:
where Y is the set of all measured displacement ILs from one quasi-static load test; n is the number of sensors placed within the cross-sections of the bridge superstructure; m represents the total number of sampling points along each displacement IL; and X mn is an element of Y, where each column of the matrix Y represents only the quasi-static displacement IL of a certain sensor, that is,
where X aj is the ath (a ∈ (1, 2, · · · , m)) element of the denoised quasi-static displacement IL of the jth sensor. According to Equation (1), it is easy to obtain the correlation coefficient β between two quasi-static displacement ILs through a certain cross-section of the bridge superstructure, that is,
where j and k are different measured points of displacement, that is, k j, k ∈ (1, 2, · · · , n). µ j is the mean of the quasi-static displacement IL at the jth measured point of displacement and is calculated by the following equation.
Using Equation (3), the vector β is defined by the following equation:
where β is the ordered set of β i (i = 1, 2, · · · , s), which is defined in Equation (3); sort(·) is the operator used to order the elements from small to large; and s is the total number of correlation coefficients of two vectors of quasi-static displacement ILs. The correlation coefficient β i defined in Equations (3) and (4) is completely different from the subspace between the quasi-static strain ILs at two different measured points, as defined in Reference [25] . Herein, the correlation coefficient represents the correlation between two quasi-static displacement ILs at different measured points under the same load test, while the subspace defined in Reference [25] is used to describe the change in the relationship between two quasi-static strain ILs before and after bridge damage occurs.
In this study, vector β is defined as the damage feature because this vector includes all information regarding the displacement ILs of the bridge superstructure, as defined in Equation (5) . The success of damage detection depends mainly on the change in feature β before and after damage. Thus, it is advisable to arrange all vectors of damage feature β according to certain regulations to maintain consistency in damage feature β results among different load tests. Considering the structural symmetry of beam bridges, if we arrange all damage features β in order of location, the same effects at each pair of symmetrical locations can be ignored. Therefore, the numerical order is adopted in this study, as shown in Equation (5) .
During subsequent damage detection of bridges, damage feature β is considered in the form of a Hankel matrix, which is defined as follows:
where H is the Hankel matrix of damage feature β and p and q are the number of matrix rows and the number of matrix columns, respectively, that satisfy the relationship [25] 
Based on the feature design of the Hankel matrix, each column of matrix H is highly correlated. Each column of the Hankel matrix is called a delay vector ϕ b , which is described according to the following equation:
For a certain Hankel matrix, if p (the length of delay vector ϕ b ) decreases in size, q (the number of delay vectors ϕ b ) increases in size, thereby reducing the degree of correlation between the two delay vectors.
If p is equal to one, then the Hankel matrix H changes into the vector β. In this situation, as only one β i is varied, only 1/s delay vectors ϕ b in the vector β will change and thus, it is difficult to detect the variation in the vector β. With the help of the Hankel matrix, if only one β i is varied, p/(s − p + 1) delay vectors ϕ b of matrix H will change. In particular, when p is close to s/2, almost all delay vectors in the Hankel matrix will change, which makes it easier to identify the variation in β. Therefore, it is advisable to treat the damage feature β as a Hankel matrix.
The method used to construct the Hankel matrix in Reference [25] cannot be directly adopted for the quasi-static displacement ILs used in this study. If we take the form of the Hankel matrix defined in Reference [25] , due to the limited number of displacement ILs, the size of the Hankel matrix will be so small that the damage feature will not be sensitive to the damage in the bridge. To address this issue, we propose to reconstruct the Hankel matrix of the damage feature, as described in Equation (6) . With this new form of the Hankel matrix, a reasonable Hankel matrix of the damage feature is established even though only a few quasi-static displacement ILs are obtained for one load test of the bridge.
Metric for Evaluating the Damage Feature
With the generated Hankel matrix of the damage feature, a new metric for evaluating the damage feature is proposed in this section. Under the reference state (initial conditions) of a bridge, we generate the Hankel matrix H r (described in Equation (6)) by taking the displacement ILs of one quasi-static load test. The following equation is obtained:
where N r ∈ R q×1 is one arbitrary column of the right null space matrix of H r . Under healthy bridge conditions, after repeating the load test K times, it is easy to generate the Hankel matrix H c by using one arbitrary test, for example, the cth test. Using the reference vector N r defined in Equation (8), the residual vector is obtained by the following equation:
where α c ∈ R p×1 , c ∈ (1, 2, · · · , K) is the residual vector, which is approximately equivalent to the Gaussian distribution.
For the practical application of the proposed method, a quasi-static load test will be carried out regularly (e.g., every year) at the field site. In this way, an increasing number of reference samples will be accumulated under a healthy state; consequently, the novel detection technique [31] [32] [33] [34] , which is described below, can be used to detect the damage of an actual bridge. The sample mean of the residual of the damage feature for a bridge in a healthy state is denoted by the following equation:
Accordingly, the sample covariance is defined by the following equation:
Given the sample mean and covariance for a bridge in a healthy state, a new metric of the damage feature is obtained using K samples obtained under the healthy state.
With the above equation, the K metric values are obtained for the healthy state, after which a threshold λ needs to be determined on the basis of an acceptable level of false positives or type I errors (e.g., 5%).
Here, [·] 0.95 represents the operator within the 95% confidence interval.
To investigate the state of damage, the damage metric is calculated with the same procedure, that is,
where
is the residual of the damage feature defined in Equation (9) using the data of the dth load test to investigate the damage and α and θ are the sample mean and covariance, respectively, for a bridge in a healthy state. In this study, we test whether the residual of the damage feature γ d satisfies the following conditions:
where Z d takes a value of either one or zero to represent the acceptance or rejection of the null hypothesis, that is, indicating either the presence or the absence of damage.
As shown in Equations (9) and (13), each metric γ c is calculated by using all the measured quasi-static displacement ILs from one load test. For the method described in Reference [25] , the same calculation has to be repeated n times (i.e., the total number of measured points of one quasi-static strain IL) to obtain this metric. Therefore, with the proposed method, the efficiency of damage detection using quasi-static ILs is improved dramatically.
Note that the environmental conditions during each quasi-static load test should be controlled to reduce the effects of environmental factors as much as possible. This condition is relatively feasible because the time period of each quasi-static load test is not excessively long, for example, a half-hour for each test according to our experience.
Discussion of the Quasi-static Loading Conditions Before and After Damage
As mentioned in previous research [12] [13] [14] , applying the same loading conditions before and after damage is fundamental to successfully detecting the state of damage of a bridge by using the difference in the displacement ILs between the healthy and damaged states. However, during the practical implementation of a quasi-static load test on a bridge, it is impossible to ensure that the weight of the loading vehicle remains constant for every test. Therefore, the effect of an inconsistent loading vehicle weight during quasi-static load tests before and after bridge damage is worth discussing.
The displacement IL of a bridge superstructure describes the vertical deformation of a certain cross-section due to the unit load acting at different positions along the longitudinal direction of the bridge. The unit load is replaced by a certain load for practical applications. The vertical displacement of the bridge superstructure directly reflects the stiffness performance of the bridge and thus, the displacement ILs are deemed effective features with respect to the damage of the bridge superstructure. A simply supported beam bridge is assumed to be acted upon by a quasi-static moving load F R characterized by a longitudinal position x t and the displacement of the cross-section A of the main beam ω A (x t ) is calculated by the following equation with the virtual work principle: (16) where EI represents the stiffness of the main beam of this bridge, x is the longitudinal position of a certain cross-section and l is the length of the main beam of the bridge. Similarly, under the action of a virtual unit force F I acting upon cross-section A, the bending moment of a certain cross-section is M A (x). Under the action of the unit load, the bending moment of a certain cross-section is M R (x).
Assuming that the quasi-static load after damage changes from F R to ηF R , the displacement IL through cross-section A after damage is obtained by:
where ω A (x t ) is the displacement IL through cross-section A after bridge damage occurs and η is the coefficient describing the change in the quasi-static load. Using the above two equations, the correlation coefficient between two displacement ILs defined in Equation (3) is calculated by the following equation:
Similar to the method presented in Reference [25] , the effect of the difference in the weight of the loading vehicle before and after damage is eliminated when the damage feature proposed in this study is applied to detect the damage state of a bridge. Therefore, the proposed method based on quasi-static displacement ILs has no relation to the inconsistency in the loading conditions before and after damage (the detailed results of the numerical example are shown in Section 3.2). Of course, this method is limited insomuch as the damaged bridge approximates a linear elastic state, that is, the damage is not sufficiently severe to force the mechanical performance of the bridge into a nonlinear state. However, for most medium-and small-span bridges, this limitation is easily satisfied in theory.
Procedure of the Proposed Method
Based on the above description of the proposed method, the algorithm framework considers three main states: the reference state of the bridge, the healthy state of the bridge and the unknown state (damaged or not) of the bridge. Usually, the first quasi-static load test is the reference state of the bridge and the null space of the Hankel matrix N r , described by Equations (8) and (9), is determined by using the displacement ILs measured in this state. The healthy state is defined as the state in which we believe the bridge to be in good condition. For the healthy state, the metric of the damage feature γ c and the damage detection threshold λ are obtained by using the measured displacement ILs and the generated N r under the reference state. For the unknown state, the metric of damage feature γ d is calculated using the measured displacement ILs, after which the determination regarding the presence of damage is made by evaluating whether γ d is larger than the threshold λ. The detailed procedure is illustrated schematically in Figure 2 .
Numerical Example
The difference between displacement ILs before and after damage is commonly used for damage detection [12] [13] [14] and this method is called the traditional method in this study. In this section, a simply supported bridge is taken as a numerical example and the performance of the proposed method is evaluated and compared with the traditional approach.
Brief Description of the Numerical Example
A simply supported bridge with a length of 30 m composed of C50 concrete is taken as a numerical example to demonstrate the effectiveness of the proposed method. The finite element model of this bridge was built with Midas Civil software (version number: 8.32), as shown in Figure 3 . A total of 60 elements with lengths of 0.5 m and 61 nodes compose the model, the parameters of which are listed in Table 1. this method is limited insomuch as the damaged bridge approximates a linear elastic state, that is, the damage is not sufficiently severe to force the mechanical performance of the bridge into a nonlinear state. However, for most medium-and small-span bridges, this limitation is easily satisfied in theory. Based on the above description of the proposed method, the algorithm framework considers three main states: the reference state of the bridge, the healthy state of the bridge and the unknown state (damaged or not) of the bridge. Usually, the first quasi-static load test is the reference state of the bridge and the null space of the Hankel matrix r N , described by Equations (8) and (9), is determined by using the displacement ILs measured in this state. The healthy state is defined as the state in which we believe the bridge to be in good condition. For the healthy state, the metric of the damage feature γ c and the damage detection threshold λ are obtained by using the measured displacement ILs and the generated r N under the reference state. For the unknown state, the metric of damage feature γ d is calculated using the measured displacement ILs, after which the determination regarding the presence of damage is made by evaluating whether γ d is larger than the threshold λ . The detailed procedure is illustrated schematically in Figure 2 .
Procedure of the Proposed Method

Numerical Example
The difference between displacement ILs before and after damage is commonly used for damage detection [12] [13] [14] and this method is called the traditional method in this study. In this section, a simply supported bridge is taken as a numerical example and the performance of the proposed method is evaluated and compared with the traditional approach. A simply supported bridge with a length of 30 m composed of C50 concrete is taken as a numerical example to demonstrate the effectiveness of the proposed method. The finite element model of this bridge was built with Midas Civil software (version number: 8.32), as shown in Figure  3 . A total of 60 elements with lengths of 0.5 m and 61 nodes compose the model, the parameters of which are listed in Table 1 . To simulate the quasi-static load test, a quasi-static moving load (100 kN or 50 kN) is implemented to obtain the displacement ILs of the modelled bridge. A total of 9 sensors are placed along the superstructure of this bridge, as shown in Figure 3 . The damaged region is modelled by reducing the stiffnesses of one element with different degree of damage. For example, 5% extent of damage is occurred at the 3 m position of the bridge, which means the stiffnesses of element at this position is reduced 5%. All the detailed damage cases are listed in Table 2 . All simulations are executed in the MATLAB software environment (version number: 9.2.0.556344). Note: For the cases of 5% extent of damage, the metric values are the same for two different quasi-static loads and thus, only the results of one group (9 cases) are shown in the last one column.
Brief Description of the Numerical Example
Damage Detection Performance of the Proposed Method
With the numerical model described in the preceding section, 45 different cases are considered and two types of quasi-static loads are utilized; specifically, 100-kN quasi-static loads are applied in the first 36 cases and 50-kN loads are applied in the other 9 cases. For the first 36 cases, three different damage extents, namely, 5%, 10% and 15%, are implemented and 9 different damage locations are considered for each degree of damage. For the last 9 cases, only an extent of 5% is simulated and the same 9 damage locations are employed. For each case, a total of 9 displacement ILs are obtained and one metric is calculated using the data of those ILs. The damage detection results of all cases are listed in Table 2 . A comparison of the metrics among the different cases is shown in Figure 4 .
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As shown in Figure 4 , the following results are obtained. The value of the damage feature metric obtained by Equation (12) increases for the same damage location as the extent of damage becomes more serious. However, under the same extent of damage, the values of the damage feature metric change as the damage location varies; the closer the damage location is to the supported end, the greater the value of the damage feature metric obtained. When the damage location is at the middle of the span of the main beam of the bridge, 4 of the displacement ILs are similar, whereas when the damage location is near the supported end, almost all 9 displacement ILs exhibit discrepancies. Consequently, more information in the displacement ILs is affected by the damage when the damage exists at the supported end than when the damage exists in the middle span of the main beam. This discrepancy constitutes the main reason for the observed phenomenon. Furthermore, as shown in Figure 4 , the metric values of the last two groups (total 18 cases) are identical, which means that the proposed method is independent of the load conditions before and after damage. Note: For the cases of 5% extent of damage, the metric values are the same for two different quasi-static loads and thus, only the results of one group (9 cases) are shown in the last one column. As discussed above, similar to the traditional method, the effectiveness of the proposed method lies in the change in the displacement ILs before and after damage occurs; however, in contrast to the traditional approach, the proposed damage feature based on the correlation coefficient between different displacement ILs has no relation to the difference in the quasi-static weight of the loading As shown in Figure 4 , the following results are obtained. The value of the damage feature metric obtained by Equation (12) increases for the same damage location as the extent of damage becomes more serious. However, under the same extent of damage, the values of the damage feature metric change as the damage location varies; the closer the damage location is to the supported end, the greater the value of the damage feature metric obtained. When the damage location is at the middle of the span of the main beam of the bridge, 4 of the displacement ILs are similar, whereas when the damage location is near the supported end, almost all 9 displacement ILs exhibit discrepancies. Consequently, more information in the displacement ILs is affected by the damage when the damage exists at the supported end than when the damage exists in the middle span of the main beam. This discrepancy constitutes the main reason for the observed phenomenon. Furthermore, as shown in Figure 4 , the metric values of the last two groups (total 18 cases) are identical, which means that the proposed method is independent of the load conditions before and after damage.
As discussed above, similar to the traditional method, the effectiveness of the proposed method lies in the change in the displacement ILs before and after damage occurs; however, in contrast to the traditional approach, the proposed damage feature based on the correlation coefficient between different displacement ILs has no relation to the difference in the quasi-static weight of the loading vehicle before and after damage. This characteristic is demonstrated in the numerical example illustrated in Figure 4 .
Comparison of the Performance Between the Proposed Method and the Traditional Approach
To evaluate the performance of the proposed method, we compare the following damage detection results with the traditional approach: damage detection without the effect of noise, damage detection with the effect of noise and damage detection in consideration of different quasi-static loading conditions before and after damage.
Damage Detection Without the Effect of Measurement Noise
In this situation, the damage is modelled through the 1/10L cross-section and the damage extent is set as 5%. Under the same quasi-static loading conditions before and after damage, 50 cases are simulated without any measurement noise, that is, 25 cases for a healthy bridge and 25 cases for a damaged bridge. For each case, 9 displacement ILs are obtained; all displacement ILs through different cross-sections are drawn in Figure 5 . As shown in Figure 6a , it is difficult to directly detect the damage with the displacement ILs because the extent of damage is relatively small. With the traditional method, the difference in the displacement ILs before and after damage is applied to detect the damage, as shown in Figure 6b ; obviously, the damage can be identified directly. Using the proposed method, the damage is also detected easily, as shown in Figure 6c . Therefore, both the proposed method and the traditional approach are effective at detecting damage without the effect of measurement noise under the same loading conditions before and after the bridge suffers damage.
vehicle before and after damage. This characteristic is demonstrated in the numerical example illustrated in Figure 4. 
Comparison of the Performance Between the Proposed Method and the Traditional Approach
To evaluate the performance of the proposed method, we compare the following damage detection results with the traditional approach: damage detection without the effect of noise, damage detection with the effect of noise and damage detection in consideration of different quasi-static loading conditions before and after damage. 
Damage Detection Without the Effect of Measurement Noise
Damage Detection Considering the Effect of Measurement Noise
The damage case described in Section 3.3.1 is adopted again in this section; however, in contrast to the previous comparison, the effect of measurement noise is discussed in detail. Herein, the effects of different noise levels on the damage detection results are compared, as described in Table 3 . For the sake of brevity, detailed information for only one case (1.6% noise level) is presented. As shown in Figure 7a , it is difficult to directly detect damage using the displacement ILs. Furthermore, it is impossible to utilize the difference in the displacement ILs before and after damage to identify the damage, as shown in Figure 7b . It appears that the effect of measurement noise misleads the damage detection results obtained by the traditional method. Nevertheless, Figure 7c shows that damage can still be identified clearly using the proposed method, which is clearly more effective than the traditional approach at detecting damage.
Next, random white noise is added directly to the displacement ILs. As shown in the first four columns of Table 3 , the traditional method is effective at detecting the damage only in the cases in which the noise level is less than 1.6%. In contrast, the proposed method works well for all cases in which the noise level is no larger than 4.8%. The noise level of the correlation coefficient between two displacement ILs before and after damage may be greater than the damage extent, which explains why it is difficult for the proposed method to detect damage when the noise level (5.2%) is greater than the damage extent (5%) of the bridge. Similar results are shown for the other cases with damage extents of 10% and 15%, as listed in Table 3 . 
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proposed method, the damage is also detected easily, as shown in Figure 6 (c). Therefore, both the proposed method and the traditional approach are effective at detecting damage without the effect of measurement noise under the same loading conditions before and after the bridge suffers damage. The damage case described in Section 3.3.1 is adopted again in this section; however, in contrast to the previous comparison, the effect of measurement noise is discussed in detail. Herein, the effects of different noise levels on the damage detection results are compared, as described in Table 3 . For the sake of brevity, detailed information for only one case (1.6% noise level) is presented. As shown in Figure 7 (a), it is difficult to directly detect damage using the displacement ILs. Furthermore, it is impossible to utilize the difference in the displacement ILs before and after damage to identify the damage, as shown in Figure 7 (b). It appears that the effect of measurement noise misleads the damage detection results obtained by the traditional method. Nevertheless, Figure 7 (c) shows that damage can still be identified clearly using the proposed method, which is clearly more effective than the traditional approach at detecting damage.
Damage Detection Considering the Effect of Measurement Noise
Next, random white noise is added directly to the displacement ILs. As shown in the first four columns of Table 3 , the traditional method is effective at detecting the damage only in the cases in 
Damage Detection Considering Different Loading Conditions before and after Damage
Based on the results acquired in Section 3.3.2, we evaluate the effect of measurement noise on the inconsistency in the quasi-static loading conditions before and after damage. As discussed in Section 3.2, the traditional method-that is, analyzing the difference in the displacement ILs-does not work when the weight of the quasi-static loading vehicle is inconsistent before and after bridge damage occurs. To assess the effectiveness of the proposed method, the damage case described in Section 3.3.2 is taken as an example and the inconsistency in the loading condition is achieved by using quasi-static loading vehicles with weights of 100 kN and 50 kN for healthy and damaged bridges, respectively. As shown in Figure 8a ,b, there is an obvious difference in the displacement ILs for the healthy bridge acted upon by the two different quasi-static loads; however, under the above two loading conditions, the difference in the displacement ILs before and after damage does not exhibit any discrepancy. Unlike the traditional approach, the proposed method works effectively under the influence of measurement noise, as shown in Figure 8c . Therefore, the large difference in the weight of the loading vehicle is used in this section to evaluate the performance of the proposed method. For practical applications, the weight of the loading vehicle before and after damage should be as consistent as possible and should be sufficiently heavy to obtain precise data on the damage experienced by the bridge, as described in Section 2.1.
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Next, random white noise is added directly to the displacement ILs. As shown in the first four columns of Table 3 , the traditional method is effective at detecting the damage only in the cases in which the noise level is less than 1.6%. In contrast, the proposed method works well for all cases in which the noise level is no larger than 4.8%. The noise level of the correlation coefficient between two displacement ILs before and after damage may be greater than the damage extent, which explains why it is difficult for the proposed method to detect damage when the noise level (5.2%) is greater than the damage extent (5%) of the bridge. Similar results are shown for the other cases with damage extents of 10% and 15%, as listed in Table 3 . Based on the results acquired in Section 3.3.2, we evaluate the effect of measurement noise on the inconsistency in the quasi-static loading conditions before and after damage. As discussed in Section 3.2, the traditional method-that is, analyzing the difference in the displacement ILs-does not work when the weight of the quasi-static loading vehicle is inconsistent before and after bridge damage occurs. To assess the effectiveness of the proposed method, the damage case described in Section 3.3.2 is taken as an example and the inconsistency in the loading condition is achieved by using quasistatic loading vehicles with weights of 100 kN and 50 kN for healthy and damaged bridges, respectively. As shown in Figure 8 (a) and (b) , there is an obvious difference in the displacement ILs for the healthy bridge acted upon by the two different quasi-static loads; however, under the above two loading conditions, the difference in the displacement ILs before and after damage does not exhibit any discrepancy. Unlike the traditional approach, the proposed method works effectively under the influence of measurement noise, as shown in Figure 8 (c) . Therefore, the large difference in the weight of the loading vehicle is used in this section to evaluate the performance of the proposed method. For practical applications, the weight of the loading vehicle before and after damage should be as consistent as possible and should be sufficiently heavy to obtain precise data on the damage experienced by the bridge, as described in Section 2.1. 
Damage Detection Considering Different Loading Conditions Before and After Damage
Robust Performance of the Proposed Method
The determination of the damage feature with the proposed method depends on the generated Hankel matrix; hence, the form of the Hankel matrix influences the robustness and accuracy of damage detection. To discuss the rules followed to generate the Hankel matrix, we use the following numerical example. Nine sensors are placed along the main beam of the bridge and a total of 36 elements are supplied to establish the Hankel matrix. If row number p and column number q are equal to 1 and 36, respectively, the Hankel matrix takes the row matrix form. For this situation, there are 35 null space matrices in the Hankel matrix, as described in Equation (8) . With this Hankel matrix, the damage detection results are shown in Figure 9a , in which 35 damage detection results are obtained using 35 different null space matrices. These results demonstrate a substantial discrepancy and some results even provide the wrong determination. If p and q take values of 7 and 30, respectively, the Hankel matrix contains 23 null space matrices. All damage detection results are presented in Figure 9b , which shows that the robustness of the proposed method is significantly improved. We repeat this calculation until p and q take values of 17 and 20, respectively; the corresponding damage detection results are shown in Figure 9c . For this situation, the robustness and accuracy of the proposed method are evidently superior. Therefore, it is recommended that the form of the Hankel matrix be approximately square, that is, the value of p is equal to either q − 1 or q − 2. Figure 8 (a) and (b) , there is an obvious difference in the displacement ILs for the healthy bridge acted upon by the two different quasi-static loads; however, under the above two loading conditions, the difference in the displacement ILs before and after damage does not exhibit any discrepancy. Unlike the traditional approach, the proposed method works effectively under the influence of measurement noise, as shown in Figure 8 (c) . Therefore, the large difference in the weight of the loading vehicle is used in this section to evaluate the performance of the proposed method. For practical applications, the weight of the loading vehicle before and after damage should be as consistent as possible and should be sufficiently heavy to obtain precise data on the damage experienced by the bridge, as described in Section 2.1. The determination of the damage feature with the proposed method depends on the generated Hankel matrix; hence, the form of the Hankel matrix influences the robustness and accuracy of damage detection. To discuss the rules followed to generate the Hankel matrix, we use the following numerical example. Nine sensors are placed along the main beam of the bridge and a total of 36 elements are supplied to establish the Hankel matrix. If row number p and column number q are equal to 1 and 36, respectively, the Hankel matrix takes the row matrix form. For this situation, there are 35 null space matrices in the Hankel matrix, as described in Equation (8) . With this Hankel matrix, the damage detection results are shown in Figure 9 (a), in which 35 damage detection results are obtained using 35 different null space matrices. These results demonstrate a substantial discrepancy and some results even provide the wrong determination. If p and q take values of 7 and 30, respectively, the Hankel matrix contains 23 null space matrices. All damage detection results are presented in Figure 9 (b), which shows that the robustness of the proposed method is significantly improved. We repeat this calculation until p and q take values of 17 and 20, respectively; the corresponding damage detection results are shown in Figure 9 (c). For this situation, the robustness and accuracy of the proposed method are evidently superior. Therefore, it is recommended that the form of the Hankel matrix be approximately square, that is, the value of p is equal to either 1 q  or 2 q  .
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when the weight of the quasi-static loading vehicle is inconsistent before and after bridge damage occurs. To assess the effectiveness of the proposed method, the damage case described in Section 3.3.2 is taken as an example and the inconsistency in the loading condition is achieved by using quasistatic loading vehicles with weights of 100 kN and 50 kN for healthy and damaged bridges, respectively. As shown in
Robust Performance of the Proposed Method
Experimental Example
For the above numerical example, only one quasi-static displacement IL through each cross-section is applied to evaluate the performance of the proposed method. In this section, a model bridge with a cross-section consisting of three T-shaped beams is taken as an example. The assessment of the 
For the above numerical example, only one quasi-static displacement IL through each cross-section is applied to evaluate the performance of the proposed method. In this section, a model bridge with a cross-section consisting of three T-shaped beams is taken as an example. The assessment of the proposed method is expanded to use the displacement ILs in consideration of the transverse load distribution.
Brief Description of the Model Bridge
The entire experimental system in this section consists of three parts, namely, the superstructure of the model bridge, the bridge bearing and supporting frame and the loading vehicle, as shown in Figure 10 . The superstructure of the bridge is composed of three T-shaped steel beams (with a Young's modulus of 2.0 × 10 11 Pa), a detailed drawing of which is shown in Figure 11 . The entire supporting system consists of the supported bearing and the steel frame, which are equivalent to bridge piers. The moving vehicle system includes an electronic machine and a steel vehicle, in addition to several steel clump weights (each of which weighs 20 kg) and two aluminum tracks (detailed information is also described in Reference [25] ). The two aluminum tracks keep the vehicle moving over the bridge along the designed trajectory and the electronic machine draws the vehicle at a slow uniform velocity.
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Introduction of Sensor Placement and Damage Cases
Considering the #1 and #2 T-shaped beams supporting the moving vehicle, a total of 10 displacement sensors are placed along the towing beams, that is, 5 sensors are attached to each beam; a detailed drawing is provided in Figure 12 . As shown in Figure 13 , a total of 22 devices are designed to simulate the damage of the transverse connection between the two T-shaped beams. Different damage extents are simulated by removing different numbers of the above devices. During the test, a total of 32 cases are implemented and 10 displacement ILs are obtained in every case, as described in Table 4 . 
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Considering the #1 and #2 T-shaped beams supporting the moving vehicle, a total of 10 displacement sensors are placed along the towing beams, that is, 5 sensors are attached to each beam; a detailed drawing is provided in Figure 12 . As shown in Figure 13 , a total of 22 devices are designed to simulate the damage of the transverse connection between the two T-shaped beams. Different damage extents are simulated by removing different numbers of the above devices. During the test, a total of 32 cases are implemented and 10 displacement ILs are obtained in every case, as described in Table 4 . Using the electronic machine, the loading vehicle is pulled over the model bridge with a slow uniform velocity representing the quasi-static load test defined in this study. During one test, 10 sensors record 10 quasi-static displacement ILs. All 32 cases of the quasi-static load tests can be divided into 5 parts as follows:
Part I: reference state, that is, case 1, as listed in Table 4 . Part II: healthy state under the same loading conditions as the reference state, that is, cases 2 to 10, as listed in Table 4 .
Part III: damaged state under the same loading conditions as the reference state, that is, cases 11 to 20, as listed in Table 4 .
Part IV: damaged state under different loading conditions from the reference state, that is, cases 21 to 30, as listed in Table 4 .
Part V: healthy state under different loading conditions from the reference state, that is, cases 31 to 32, as listed in Table 4 . In this section, the data obtained from Part I to Part III are used to compare the performance of the proposed method with that of the traditional approach. As shown in Figure 14a , compared with the reference state (case 1), it is difficult to differentiate the displacement ILs between the healthy state (case 2 through case 10) and the damaged state (case 11 through case 20). With the traditional method, the difference between the displacement ILs before and after damage (sensor #10 is randomly selected; note that all displacement ILs of the other sensors have variations that are similar to those of sensor #10) are drawn in Figure 14b . Evidently, the traditional method does not work for this damaged case. The reason for this inefficacy lies in the fact that the quasi-static displacement ILs are no longer smooth curves but volatile curves and thus, the difference in the ILs is no longer sensitive to the damage suffered by the bridge, especially under conditions of small degrees of damage. As discussed in Section 2.2.1, the Hankel matrix of the damage feature contains 22 rows and 24 columns due to the 10 sensors used in this test; the damage feature metrics for the healthy and damaged model bridges are drawn in Figure 14c . The effectiveness of the proposed method is therefore demonstrated by this experimental example. In this section, the data obtained from Part I to Part III are used to compare the performance of the proposed method with that of the traditional approach. As shown in Figure 14 (a), compared with the reference state (case 1), it is difficult to differentiate the displacement ILs between the healthy state (case 2 through case 10) and the damaged state (case 11 through case 20). With the traditional method, the difference between the displacement ILs before and after damage (sensor #10 is randomly selected; note that all displacement ILs of the other sensors have variations that are similar to those of sensor #10) are drawn in Figure 14 (b) . Evidently, the traditional method does not work for this damaged case. The reason for this inefficacy lies in the fact that the quasi-static displacement ILs are no longer smooth curves but volatile curves and thus, the difference in the ILs is no longer sensitive to the damage suffered by the bridge, especially under conditions of small degrees of damage. As discussed in Section 2.2.1, the Hankel matrix of the damage feature contains 22 rows and 24 columns due to the 10 sensors used in this test; the damage feature metrics for the healthy and damaged model bridges are drawn in Figure 14 (c). The effectiveness of the proposed method is therefore demonstrated by this experimental example.
Comparison of the Experimental Results Between the Proposed Method and the Traditional Method
Results with Different Loading Conditions Before and After Damage
The data obtained in Part I, Part IV and Part V are applied here to evaluate the performance of the proposed method and the traditional approach in consideration of the differences in the loading conditions before and after damage (all displacement ILs are shown in Figure 15 (a) ). With the traditional method, as shown in Figure 15 (b) , there is an enormous difference in the displacement ILs between Part I and Part IV (sensor #10), that is, the reference and damage states of the bridge; 
The data obtained in Part I, Part IV and Part V are applied here to evaluate the performance of the proposed method and the traditional approach in consideration of the differences in the loading conditions before and after damage (all displacement ILs are shown in Figure 15a ). With the traditional method, as shown in Figure 15b , there is an enormous difference in the displacement ILs between Part I and Part IV (sensor #10), that is, the reference and damage states of the bridge; however, it is still necessary to obtain an obvious difference in the displacement ILs between Part I and Part V and therefore, the incorrect determination of damage is drawn. Consequently, the traditional method is invalid for situations involving different loading conditions before and after damage. Using the proposed method, the results drawn in Figure 15c show that damage can be detected even though the loading conditions of the reference state (Part I) and the damaged state (Part IV) are different; moreover, an erroneous determination of damage is avoided for both the reference state (Part I) and the healthy state (Part V). The above discussion demonstrates that the proposed method is more effective and robust than the traditional approach at detecting damage using quasi-static displacement ILs.
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Conclusions
In this study, a method based on quasi-static displacement ILs is proposed to detect damage in the superstructure of a beam bridge. The following conclusions are drawn:
(i) Based on a previous method [25] , an improved method based on the correlation coefficient between quasi-static displacement ILs is proposed and numerical and experimental results show that this method is sensitive to damage in the superstructure of a beam bridge. Furthermore, similar to the previous method, the proposed damage feature is independent of inconsistency in the loading conditions before and after damage. Therefore, the proposed method is suitable for detecting the damage of beam bridges using quasi-static displacement ILs.
(ii) Considering that only a few quasi-static displacement ILs are obtained for actual bridges, we reconstructed the Hankel matrix of the damage feature. The results of numerical and experimental examples show that the new form of the Hankel matrix of the damage feature is beneficial for damage detection and it is robust to the effects of measurement noise. 
(ii) Considering that only a few quasi-static displacement ILs are obtained for actual bridges, we reconstructed the Hankel matrix of the damage feature. The results of numerical and experimental examples show that the new form of the Hankel matrix of the damage feature is beneficial for damage detection and it is robust to the effects of measurement noise.
(iii) A new metric for evaluating the damage feature is proposed. Unlike the previous method [25] , the calculation of this metric does not need to be repeated for each measured point of displacement in one load test; thus, the efficiency of damage detection is improved dramatically.
(iv) Unlike the method based on the difference between displacement ILs before and after damage, a certain threshold is adopted in this study to resist the effects of measurement noise on the damage determination.
(v) For the practical application of the proposed method, the measured data, obtained by the first quasi-static load test, have to be utilized to build the data model for reference state, therefore, it cannot detect the damage of bridge for the first load test.
